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Humidity and Pressure Regulation in a PEM Fuel Cell
Using a Gain-Scheduled Static Feedback Controller

Amey Y. Karnik, Jing Sun, Fellow, IEEE, Anna G. Stefanopoulou, and Julia H. Buckland

Abstract—In this paper, the pressure difference between the
anode and cathode compartments of a polymer electrolyte mem-
brane (PEM) fuel cell stack is regulated along with the anode
and cathode humidities using an anode recirculation system. The
pressure regulation requirement stems from membrane safety
considerations. The regulation of average humidities in the two
compartments is a necessary (although not a sufficient) require-
ment for stack water management. Two actuators in the anode
recirculation system are considered, namely the dry hydrogen
flow and the anode back pressure valve. These actuators are
adjusted using a static output feedback controller that relies on
pressure and humidity measurements on the anode side of the
fuel cell stack. As the water mass dynamics and the character-
istics of the water transport through the PEM are significantly
different between subsaturated conditions (water is present only
in vapor phase) and saturated conditions (liquid water along with
water vapor), we show that the performance of the static output
feedback controller with a fixed set of gains for subsaturated
condition deteriorates significantly under a saturated condition.
A gain-scheduled controller is therefore developed to compensate
for a water-vapor saturated cathode condition. Analysis and sim-
ulation provide insights on some of the design and implementation
issues for the gain-scheduled output feedback system.

Index Terms—Fuel cells, humidity control, output feedback,
pressure control.

I. INTRODUCTION

F UEL CELL-BASED powertrain systems promise to
deliver cleaner and more efficient vehicles [1]. In order to

provide a performance comparable to conventional powertrain
systems, the polymer electrolyte membrane (PEM) fuel cell
powertrain system has to meet stringent power and durability
requirements under demanding operating conditions encoun-
tered in automotive applications. Meeting these challenges
requires substantial improvement in the materials and con-
struction of the fuel cells. Equally important is the synergetic
integration of the fuel cell “system,” which consists of the fuel
cell stack and the auxiliary components such as the reactant
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supply systems, the temperature control unit and the water
management systems [2].

The performance and longevity of a PEM fuel cell (PEMFC)
system depend upon a water management system that balances
the water generated and the water introduced into the system
by the humidified inlet flows, with the water removed from the
system [3], [4]. In this paper, an important task of the overall
water management goal is addressed. Namely, the humidity reg-
ulation in the anode and cathode compartments of the PEM fuel
cell is accomplished by adjusting the anode water removal and
the cathode inlet humidity according to the load, that is, the
stack current drawn. Although we limit the scope of this paper
to the control of the anode and cathode humidities in the av-
erage sense, regulating the average humidities can be viewed as
controlling the boundary conditions to the spatial distribution of
water within the stack.

The average humidities in both the anode and the cathode
compartments of the fuel cell stack should be high enough to
allow sufficient humidification of the membrane separating the
two compartments. In addition, the regulation of the anode and
cathode humidities during transients in load is necessary to
avoid excessive liquid water accumulation in the stack which
can impede the reactant flows. The lack of sensors for mea-
suring the amount of liquid water in a compartment in addition
to a change in the system dynamics between the conditions
with and without liquid water in the compartments make the
water management an interesting control problem.

In this paper, we explore the use of feedback control to ad-
dress the transient water management problem of a PEMFC
system. For the system under investigation, the required cathode
inlet humidity is provided by flowing the air supplied to the
cathode of the fuel cell stack through a humidifier. Meanwhile,
the other mechanism used in water management, that is, the
anode water removal is rendered by the unconsumed fuel (hy-
drogen) leaving the anode. The unconsumed fuel is recirculated
to the anode inlet using a device such as a blower or an ejector
[5] after the liquid water is extracted from the anode exit flow
using a condenser with a knock-out drum.

A PEMFC system with an ejector-based anode recirculation
loop is shown in Fig. 1. The ejector acts as a pumping device
to overcome the adverse pressure difference between the anode
exit and the anode inlet. In addition, the ejector mixes the recir-
culated flow with dry hydrogen supplied from the fuel source.
While the ejector is a key element for anode recirculation, it
is the condenser in the recirculation path that provides water
removal. The anode water removal rate is controlled by regu-
lating the recirculation flow using a back pressure valve placed
between the condenser and the anode exit.

The two water-management mechanisms described above are
used to regulate the desired humidity conditions in the anode
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Fig. 1. Schematic of the fuel cell system.

and cathode. Apart from humidity regulation, it is important to
avoid a large pressure difference across the membrane by reg-
ulating the anode pressure to follow the cathode pressure. We
present a design methodology to develop feedback controllers
that meet both the water management requirements and the pres-
sure regulation requirements in the presence of load transients.
To allow modularity in the design of the stack auxiliary system,
we consider the scenario where the transient requirements are
addressed using only the actuators in the anode recirculation
system, namely the fuel supply and the back pressure valve
opening.

Static output feedback is explored to develop controllers
with low complexity. Moreover, the controller design proposed
in this paper is pursued with realistic sensor performance
limitations in mind. In particular, we show that a static output
feedback scheme using anode humidity and various anode side
pressure measurements can provide performance comparable
to that of a state feedback controller evaluated during various
load changes. The static output feedback controller is tuned by
optimizing the controller gains for a quadratic cost function [6],
[7] similar to the one used for designing the state feedback con-
troller using linear quadratic regulator (LQR) approach. Such a
static output feedback control design approach eliminates the
need for tuning an observer, as otherwise would be required for
implementing the state feedback controller.

We find, however, that one set of output feedback gains is
inadequate to address the transient requirements under both
subsaturated conditions (only water vapor is present in the
stack) as well as saturated cathode conditions (water is present
in both vapor and liquid phase inside the cathode compartment).
A change in the dynamics of the water mass in the cathode
during a saturated cathode condition (such as following a
step-up in load) causes a slower return of the cathode water
level to its desired condition. In addition, it is difficult to regu-
late the cathode humidity using anode side measurements due
to a weak influence of liquid water in the cathode on the water
transport through the membrane. Through analysis of system
dynamics, we demonstrate that the performance objectives
can be satisfied using a gain-scheduled static output feedback
scheme that switches the controller gains when the cathode
vapor pressure reaches the saturation pressure for water vapor.
Although the discussion in this paper will focus on the cathode
humidity-based gain-switching, the controller gains have also

been scheduled based upon the stack current to account for
other system nonlinearities.

The objective of this study is to first develop a control
system for water management using an ejector-based anode
recirculation system and then demonstrate the use of controller
gain switching to address the strong nonlinearity associated
with membrane water transport. The performance of the con-
trol system is evaluated through simulations assuming perfect
knowledge of the plant dynamics. These dynamics depend upon
factors such as the temperature of the fuel cell stack or water
transport characteristics. Additional investigation required to
evaluate the robustness of the control system to these factors or
other plant uncertainties is beyond the scope of this paper.

The paper is organized as follows. In Section II, we describe
the system model and then formulate the control problem in
Section III. A state feedback controller is developed and imple-
mented in Section IV to obtain a benchmark for the transient
response. In Section V, an output feedback controller using
pressure and humidity measurements is designed assuming
subsaturated conditions in the stack and the response of the
closed loop system is compared with the benchmark for various
load changes. To satisfy the transient response requirements
under saturated cathode conditions, a gain-scheduled output
feedback controller is designed. The results are summarized in
Section VI.

II. DYNAMIC MODEL OF THE PEM FUEL CELL

WITH ANODE RECIRCULATION SYSTEM

A lumped-parameter control-oriented model of a 75-kW
PEM fuel cell system (see Fig. 1), developed in [2] and [8], is
employed for the control analysis in this paper. The nomencla-
ture used for modeling is described in Table I. This dynamic
system model involves ten states

(1)

where denotes the mass of species “ ” in manifold “ .”
The subscripts “ ,” “ ,” “ ,” “ ,” “ ,” and “ ” refer
to the anode, return manifold, anode supply manifold, cathode,
cathode supply manifold, and cathode outlet manifold, respec-
tively. The constituents in these manifolds are denoted by using
the subscripts , and , which represent hydrogen,
water, oxygen, and nitrogen, respectively.

Assuming that the fuel cell system is maintained at a constant
temperature, the system dynamics are modeled by applying
mass conservation to each species in a given manifold as

(2)

where the mass flow rates of species “ ” entering (or generated)
and leaving (or consumed) manifold “ ” are denoted by
and , respectively. The various flows that influence the dy-
namics of the system are modeled in [2] and [8], and the relevant
equations are summarized in Tables II–IV.

The water mass dynamics in the anode and cathode are now
elaborated as they are critical to the results presented in this
work.
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TABLE I
NOMENCLATURE

TABLE II
EQUATIONS GOVERNING REACTANT CONSUMPTION ALONG WITH WATER

GENERATION AND TRANSPORT INSIDE THE STACK

A. Stack Water Model

The water masses in the two compartments are given by [2]

(3)

(4)

where is the water transport through the membrane
from the anode to the cathode. The water generation rate due

Fig. 2. Water transport between the anode and cathode.

to the electrochemical reaction is given by (A1)
in Table II, where is the stack current. The mass flow
rates of water entering and leaving the cathode and anode

, and ,are given
by (B2) and (B7) in Table IV and (B3) and (B6) in Table III,
respectively.

From the various flows that appear in (3) and (4), the two
important flows that depend significantly upon the phase of
water inside an electrode compartment are , and the
water flowing out of the electrode compartment along with un-
consumed reactants. The water transport through the membrane
is given by

(5)

where denotes the active fuel cell area and is the
number of cells in the stack. The molar flux per unit cell from the
anode to the cathode due to the electro-osmotic drag is ,
while is the molar flux per unit cell due to the back diffu-
sion from the cathode to the anode caused by the difference in
water concentration on the anode and cathode sides of the mem-
brane. These two flows are shown in Fig. 2. The molar flux due
to electro-osmotic drag from anode to cathode depends
upon the load and is given by [9]

(6)

where is the drag coefficient and is the Faraday’s constant.
The back diffusion depends upon the difference in the water
contents at the electrode membrane interface on the anode and
cathode water sides (see Fig. 2). The back diffusion is modeled
as [9]

(7)

where is the diffusion coefficient and and are the
cathode and anode water contents, respectively.

The water content at an electrode–membrane interface de-
pends upon the water level inside the adjacent electrode com-
partment “ ,” which is represented using the water activity .
The relation between and is shown in Fig. 3, where the
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TABLE III
GOVERNING EQUATIONS FOR THE ANODE FLOW PATH SHOWN IN FIG. 1

water activity in an electrode compartment is calculated from
the mass of water in that compartment using [10]

(8)

where “ ” is replaced by “ ” for anode and “ ” for cathode.
The maximum mass of water in vapor phase that can be

present in an electrode compartment “ ,” , is given by

(9)

where denotes the saturation pressure corresponding to
temperature is the lumped volume of the compartment,
and is the gas constant of water vapor. Note that, when
liquid water is present inside the electrode compartment, that
is, , the slope of versus is significantly lower,
which affects the membrane water transport characteristics.

Another characteristic affected by the phase change of water
inside an electrode compartment is , the flow rate of
water leaving the compartment as a part of the exit flow. As-
suming evaporation of water as the only mechanism through

which water leaves the compartment,1 is calculated
as

(10)

where the mass fraction of water vapor in the compartment is

(11)

with representing the total mass of the dry gas inside the
compartment. For example, in the cathode,

. Assuming instantaneous condensation and evaporation
of water, the mass of water vapor is given by

(12)

where is the maximum water in vapor phase that can
be present in the electrode [see (9)].

1Due to this assumption, an increase in liquid water mass inside a com-
partment does not increase the mass flow rate of water flowing out of the
compartment.
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TABLE IV
GOVERNING EQUATIONS FOR THE CATHODE AIR FLOW PATH SHOWN IN FIG. 1

The net mass flow rate of the gas leaving an electrode com-
partment is modeled differently for the cathode and the
anode. On the anode side, is given by a nonlinear ori-
fice flow equation (see (B8) in Table III) with the area of the
orifice controlled using the back pressure valve opening

. A nonlinear orifice equation is used to model , as
a significant reduction in the orifice area would result in a large
pressure difference across the back pressure valve. Unlike the
anode side, the pressure difference between the cathode and the
cathode outlet manifold is small, hence, a linear flow equation
is adequate to describe (see (B5) in Table IV).

B. Control-Oriented Model With Water Activities, Pressures,
and Humidities as States

While the system dynamics can be represented using the
masses inside the various manifolds and electrode compart-
ments as states, these states cannot be directly measured. For
the convenience of state feedback control design and analysis,
an alternative system dynamics representation is given here
that uses as states the anode and cathode water activities (such
that the electrode water mass in both liquid and vapor phases
is accounted for), along with various physically measurable
variables, such as pressures and humidities.
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Fig. 3. Water content as a function of water activity.

For manifold “ ,” the relative humidity is defined as

(13)

where , required in (8), is the mass of water vapor
in the manifold at saturation. Note that, for subsaturated cases,

. The partial pressure of species “ ” in manifold “ ,”
, and the total pressure in the manifold, , are given by

for

for

(14)

(15)

where is the gas constant for species “ .” Therefore, the
system dynamics can also be represented using the states

(16)

The four important modeling assumptions that affect the control
analysis presented in this paper are given here.

• A constant and uniform temperature is maintained
throughout the fuel cell system by a thermal manage-
ment system.

• The pressure inside an electrode compartment is not af-
fected by the liquid water inside the compartment.

• The gas flowing out of an electrode compartment does not
carry any liquid water.

• The water transport through the PEM can be calculated
from the conditions inside the electrode channel instead
of having to model the gas diffusion layer separating the
channel and the membrane [2].

The first assumption is quite standard for PEMFC control anal-
ysis not involving thermal management system, and the tem-
perature can be considered as a slowly varying and measured

parameter. The reason for the second assumption is the signif-
icantly lower specific volume for liquid water compared with
water vapor. To relax the third assumption, substantial investiga-
tion is required to understand the interaction between the water
inside the electrode compartment and the liquid water removal
from the compartment. This is beyond the scope of this paper.

This fuel cell system model is used for the control analysis
presented in the following sections. We will begin the analysis
by defining the various inputs, the performance variables, and
the structure of the controller used in this study.

III. CONTROL PROBLEM FORMULATION

A. Description of Plant Inputs

For the control problem considered in this study, feedback
controllers are developed for the actuators on the anode side of
fuel cell stack, therefore the control inputs are defined as

(17)

where is the flow rate of dry hydrogen supplied from the
hydrogen fuel source and is the normalized back pressure
valve opening. Besides , the other inputs that are relevant to the
control problem are referred to as exogenous inputs defined
as

(18)

where is the load, the cathode inlet humidity, and
the air flow through the compressor.

B. Control Objectives

The water management requirements for a PEMFC system
involve maintaining a water balance inside the stack and
achieving desired water activities inside the anode and cathode.
The desired water activities for the anode and cathode,
and , respectively, are selected such that high humidity
conditions (barely below saturation) are maintained inside the
two compartments of the fuel cell stack, yet the compartments
are subsaturated at equilibrium. The specific choice of and

will be discussed later in Section III-C.
In addition to water management, the pressure difference

across the membrane should be regulated to avoid excessive
stress on the membrane. For the high-pressure fuel cell system
considered in this study, the cathode side pressures vary be-
tween and Pa for the operating range of the load.
Regardless of this variation in cathode pressure, an acceptable
pressure difference across the membrane should be maintained
throughout the operating range by regulating the anode pressure

to follow the pressure on the cathode side. Similar to [2], the
desired anode pressure is obtained from the cathode supply
manifold pressure as

(19)

where both and are in Pa.
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Fig. 4. Controller structure showing the feedforward and feedback control
signals.

For subsequent control system development, the pressure reg-
ulation and water management objectives of the system are rep-
resented using the performance variables defined as

(20)

where , and are the anode water activity, the
cathode water activity, and the anode pressure, respectively.
These performance variables deviate from with a load
change that: 1) disturbs the pressures and water activities inside
the electrodes and 2) changes their desired steady-state values.
Minimizing the deviations in during the load transients and
restoring to the desired equilibrium will be accom-
plished by the control system through proper actuation of .

In general, the controller should be designed to minimize er-
rors in the performance variables, without excessive use of the
control inputs. The quantitative transient requirements for the
performance variables should be determined by the membrane
properties and the construction of the fuel cell stack. Based upon
our existing search in the open literature, such specifications are
not currently available. Instead, the following transient perfor-
mance specifications, evaluated using a series of step changes
in the load, are adopted to demonstrate the controller design
methodology presented in this study.

• The settling time, defined as the time required for the
system to settle within an error less than 5% of its peak
error after a load step change, should be less than 3 s for
the anode pressure regulation.

• The settling time should be less than 4 s for the anode and
cathode water activity regulation.

The need for a faster system response would impose more strin-
gent specifications on the settling times.

These transient response requirements are satisfied using a
combined static feedforward and feedback controller structure,
as shown in Fig. 4. The feedforward map provides the steady-
state actuator settings to meet the water management and the
fuel supply requirements corresponding to the load. The feed-
back controller then facilitates the regulation of the performance
variables to assure the desired transient response.

C. Actuator Settings Using Load-Based Feedforward Control

The feedforward commands are denoted using the superscript
“*” in Fig. 4. The maps that provide the feedforward commands

Fig. 5. Steady-state maps of compressor flow and fuel supply for different stack
currents.

Fig. 6. Plots (a) and (b) show the desired back pressure valve opening and
shows the cathode inlet humidification with respect to the stack current for
� � ����. The resulting anode water activity (dashed-dotted line) is shown
in (c).

for the cathode air supply from compressor and the anode fuel
supply, and , respectively, are shown in Fig. 5,
where increases with to maintain the oxygen excess
ratio at 2 [2], whereas increases to replenish the fuel con-
sumed inside the stack.

While the maps shown in Fig. 5 are independent of the water
management requirements, the values for desired cathode inlet
humidity and back pressure valve opening, and ,
respectively, depend upon the choice of water management
scheme. In this study, varies with according to the
function given in Fig. 6(a). This choice of then dictates
the anode water removal requirement. Fig. 6(b) shows the back
pressure valve opening that provides the recirculation flow
necessary to meet this requirement [10]. Note that, between
loads of 140 to 170 A, is fixed, and hence the anode water
removal increases with the load to compensate for the increase
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Fig. 7. Current demand profile used to evaluate the closed-loop response.

in the water generation rate. The higher anode water removal is
met by using a larger back pressure valve opening.

The decrease in with load for 170 A is neces-
sitated by the compounded effects of: 1) increased water gen-
eration and 2) the limitation in anode water removal. As the
water is generated at the cathode, an increase in anode water
removal requires a higher back diffusion, and hence a higher ac-
tivity gradient from the cathode to the anode. For a fixed , a
higher gradient is achieved by lowering . Given a require-
ment that the steady state should be greater than 0.9, the
anode water removal is constrained by the limitation on back
diffusion. Specifically, for , when the current ex-
ceeds 170 A, the water balance can no longer be achieved by
keeping constant at 1 and manipulating to increase
anode water removal. Therefore, the cathode inlet humidity is
decreased as the load increases, which leads to a reduction in the
anode water removal requirement and consequently a decrease
in desired back pressure valve opening. As seen in Fig. 6(c), the
desired anode water activity is above 0.9 with when
using the as shown in Fig. 6(a).

Although the commands for the exogenous inputs are sched-
uled with the load, and are affected by actuator
dynamics, as indicated in Fig. 4. Specifically, the dynamics of

are due to the slow response time of the humidifiers [11],
and the dynamics of result from the inertia of the com-
pressor-motor shaft [2]. The specific load profile chosen for con-
troller evaluation is shown in Fig. 7, while Fig. 8 shows the
corresponding profiles for the exogenous inputs corresponding
to this load profile. This load profile is selected, specifically, to
evaluate transient operation scenarios with and without changes
in cathode inlet humidity, as seen in Fig. 8(b).

D. Feedback Controller

A unique complexity arising from the use of ejector-based re-
circulation is the need for feedback controller, even if an accu-
rate feed forward map is available. The operating characteristics
of the ejector based recirculation are such that the anode pres-
sure lacks a self-stabilizing mechanism. The lack of a self-stabi-
lizing mechanism can be shown by applying mass conservation
for hydrogen in the closed path formed by the anode recircula-
tion loop [12], [8] and then observing that the hydrogen flows
crossing the boundaries of the closed path are independent of
the pressures inside the anode recirculation loop.

These hydrogen flows affect the dynamics of the partial pres-
sure of hydrogen in the anode, and hence the anode pressure,
and depend upon the load or the fuel supplied. Therefore, the
open-loop dynamics of from the load as well as from the
fuel supplied are Type 1 (that is, a pure integrator in the dy-
namics of anode pressure from these inputs [12].) In Fig. 9, the

Fig. 8. The profiles for (a) compressor air supply flow rate and (b) cathode inlet
humidification corresponding to the steps in the stack current shown in Fig. 7.

Fig. 9. Bode gain of the transfer function from load � to the error in anode
pressure � � � .

open-loop dynamics of the performance variable from
are shown by the black line. The system is not BIBO stable

with as the input and as the output, hence, a feedback
controller is necessary to provide the stabilizing mechanism.

When using a static feedforward map to coordinate the fuel
supply with the fuel consumed, the open-loop dynamics of

from the load are Type 0, as seen from the dashed line in
Fig. 9. A Type-0 disturbance can be rejected using a static feed-
back when the dynamics from the control input are Type 1 [13],
hence the pressure set-point tracking to reject disturbance from

can be achieved using a static feedback controller combined
with a static feedforward map.

While the feedback is critical for tracking anode pressure, the
steady anode and cathode humidities can be achieved using an
appropriate feedforward control on . The purpose of using
feedback controller for the anode and cathode humidities is to
speed up their open-loop dynamics under various operating sce-
narios.

In this paper, we develop a static feedback controller using
pressure and humidity measurements. The pressure mea-
surements are fast (response is of the order of milliseconds),
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Fig. 10. Standard control problem formulation with ���� �, and � as control
inputs, exogenous inputs, measured variables, and performance variables. The
choice of � depends upon the type of controller used.

whereas the state-of-the-art humidity measurements are slow
(response is of the order of seconds) [14]. As mentioned earlier,
for the modularity of control design for the anode recircula-
tion system, we use only anode side humidity and pressure
measurements for feedback, therefore, the measured variables
are , where and are the
pressures in the anode return manifold and the anode supply
manifold shown in Fig. 1.

The control problem is summarized in Fig. 10 using the stan-
dard control notations. The capability of the system to meet
the time-domain performance requirements with an appropriate
controller is demonstrated in Section IV using a full-state feed-
back controller, that is, . The closed-loop response with
a full state feedback controller is then regarded as a benchmark
and is used to compare the performance of the control system
developed in Section V using as the
measurements.

IV. BENCHMARK CONTROL DESIGN AND

PERFORMANCE EVALUATION

A. Controller Design

Following the structure shown in Fig. 4, a state feedback con-
troller is combined with a feedforward map such that the control
action is given by

(21)

where is the vector of states in the system, repre-
sents the desired steady-state operating condition, and

represents the static feedforward
commands. The state feedback gains are denoted using .

A controller design methodology that directly addresses the
performance requirements in time-domain is limited to numer-
ical constrained optimization or trial-and-error tuning of . In
this study, we take the following indirect yet standard approach.
The performance metric is chosen to be the quadratic cost func-
tion, as

(22)

where is a 3 3 diagonal matrix and is a 2 2 diagonal
matrix. Here, the matrices and are chosen such that an
optimal full-state feedback controller, obtained using the linear

quadratic regulator approach for the cost function , satisfies
the desired transient criteria for the load profile shown in Fig. 7.

For the controller design, we linearize the system dynamics
about an equilibrium condition. Let the linear representation of
the system be given by

(23)

where denotes the deviation of the variable from
the equilibrium condition, for example, . The
matrices , and of the linearized system are ob-
tained through symbolic linearization using MATLAB. Then, the
optimal state feedback controller gains that minimize the cost
function are given by [13]

(24)

where is a solution to the Algebraic Riccati Equation

(25)

The optimal state feedback controller gains, , are
scheduled with the load. Namely, the gains are obtained at
different loads, by first linearizing the system at the cor-
responding equilibrium conditions , and then
solving (25) to obtain the expression for using (24). Here,

, such that and are
the steady-state cathode inlet humidity and compressor flow
rate corresponding to the load .

The diagonal entries of and were tuned by trial and error,
such that the closed-loop response of the state feedback con-
troller satisfied the design criteria. We use the same values for

and to obtain at all operating conditions, as only a
marginal change in the closed-loop performance is achieved by
retuning and at different operating conditions where the
controller was evaluated.2 In this study, the feedback gains are
obtained for

(26)

B. Performance Evaluation With a State Feedback Controller

The performance of the full-state feedback controller is an-
alyzed through simulations for the load profile given in Fig. 7.
The closed-loop response of the full-state feedback controller to
this stack current profile is shown in Fig. 11 by the solid-black
line (SFB w/ ). The other lines shown in the same figure cor-
respond to responses with different controllers that will be ex-
plained later. A step increase in the stack current causes an initial
buildup of water in the cathode, a part of which is transferred to
the anode through the membrane. As shown by the transients
for the step change in load from 170 to 190 A at time 5 s,
the dynamics in the cathode humidifier further compounds to

2The� and� should be tuned separately for an operating condition when the
closed-loop performances do not meet the transient performance requirements.
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Fig. 11. Responses of state feedback controller using activity measurements,
(SFB w/ � ), humidity measurements (SFB w/ �), and output feedback con-
troller (OFB).

the liquid water accumulation. Although the transient require-
ments, specified in Section III-B, are satisfied in the presence

of this liquid water in the cathode, the responses of and
are different than that seen during the transients for a load

step down. This difference is due to the fact that the presence of
liquid water in the cathode causes the following two
changes in the water dynamics. First, with the cathode humidity

does not affect cathode pressure or the cathode
water vapor mass fraction , as they depend upon . This
changes the interaction between and the flows in/out of the
cathode. Second, the change in slope between the water content
and the water activity (see Fig. 3) affects the membrane water
transport characteristics [9], [15]. In spite of these changes in
plant dynamics, the state feedback controller designed assuming
subsaturated conditions inside the cathode provides a satisfac-
tory transient response.

Although the responses with the combined full-state feed-
back and static feedforward controller deliver the desired per-
formance, as shown in Fig. 11, such a controller is difficult to
implement due to the following limitations:

• It requires information on each of the ten states while some
of the states cannot be measured.

• Using an observer to estimate certain unmeasured states is
difficult due to the high order of the plant and complicated
nonlinearities associated with membrane water transport.

One particular challenge in implementing the state-feedback
controller is the need to measure the cathode water activity.
This measurement is limited by the practical difficulties in esti-
mating the amount of liquid water in the cathode compartment.
To show the importance of the cathode water activity measure-
ment, the performance of the state feedback controller is eval-
uated when the cathode water activity measurement is replaced
by the cathode humidity measurement. The rest of the states are
still assumed to be measurable. The resulting response is shown
by the dashed line (SFB w/ ) in Fig. 11. As long as the cathode
is sub-saturated, the state feedback controller using measure-
ment provides the same results as when using measure-
ment. With liquid water in the cathode , however,
the use of the humidity sensor in the cathode leads to an error in
deducing the cathode water activity. This error deteriorates the
response of water activities and increases the settling time for

as seen in Fig. 11.
Note that during the transients shown in Fig. 11, the anode

humidity sensor is operational, as the anode remains subsatu-
rated even when the cathode is saturated .
This observation motivates us to investigate the use of the sensor
combination with a static output
feedback controller, aimed at providing a response comparable
to the state feedback control but with a substantially reduced
number of measurements.

V. STATIC OUTPUT FEEDBACK CONTROLLER

A. Controller Design

The control action of the combined static output feedback and
feedforward controller is given by

(27)

where are the desired steady-state values of the measured
variables and represents the feedforward command as de-
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scribed in Section IV.A. The output feedback gains are denoted
using .

Instead of tuning the output feedback controller gains using a
trial-and-error approach to meet the performance requirements,
we optimize the controller for the performance metric , de-
fined in (22). The optimal feedback gains for the quadratic cost
function are computed by applying an iterative procedure sug-
gested in [6], [7] for a linearized system.

Let the linear representation of the measured variables be
given by

(28)

where denotes the deviation of from its equilibrium con-
dition, . For the state space representation given by (23) and
(28), the optimal feedback gain , which minimizes the cost
function , is then given by [6]

(29)

where the matrices and are obtained by solving the fol-
lowing coupled Riccati equations [6]:

(30)

(31)

with

(32)

The values for and are chosen as given in (26), such
that an optimal full-state feedback controller, obtained using the
linear quadratic regulator approach for the cost function , sat-
isfies the desired transient criteria. Similar to the state feedback
controller, a gain-scheduled output feedback controller is devel-
oped by computing the optimal controller gains at various
stack currents.

B. Performance Analysis for Subsaturated Conditions

The response of the closed-loop system with the sensor selec-
tion and the static output feedback
is shown in Fig. 11 by the dashed–dot line (OFB). The feed-
back gains calculated for subsaturated conditions using and

given in (26), are shown by the line with square markers for
various operating conditions in Fig. 13. The controller gains are
scheduled based upon the fuel cell load. The inputs and outputs
are properly scaled to provide sensible comparison of the con-
troller gains.

Several observations which offer insights on the design and
implementation are discussed through the following remarks.

Remark I: One can see from Fig. 11 that, when the cathode
is subsaturated, the response with output feedback controller
is comparable to the benchmark (state feedback) controller.
The close matching between the responses for both the con-
trollers under subsaturated conditions can be predicted through
linear analysis. Assuming ideal actuators for the cathode inlet
humidity and compressor flow, the closed loop sensitivity
function of the performance variables to the changes in load
can be calculated for the state feedback (SFB) and the output

Fig. 12. Comparison of responses of gain-scheduled output feedback controller
and the state feedback controllers. The anode humidity sensor used by the gain-
scheduled controller has a time constant of 1 s.
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Fig. 13. Gains designed for plants with saturated cathode (circular markers)
and subsaturated cathode (square markers). � and � are the matrices used
to scale the inputs and measurements, respectively.

feedback (OFB) controllers. In Fig. 14, the Bode gain plots of
these sensitivity functions are given for both saturated as well
as subsaturated cathode conditions. Note that, for subsaturated
conditions the responses with state feedback and output feed-
back controllers are similar as observed from the step response
to changes in load. Thus, a static output feedback controller
with suffices to provide a response
comparable with that using a humidity sensor-based full-state
feedback.

To verify that the static output feedback is indeed sufficient,
we compute a reduced order model by assuming that the dy-
namics of the unmeasured states are fast compared to the dy-
namics of the measured states given by . A state feedback con-
troller is then designed for the reduced order plant such that the
feedback gains are optimal for the quadratic cost given in (22).
The closed loop sensitivities obtained when applying this con-
troller to the full order plant are similar to the sensitivities when
using a full-state feedback controller designed in Section IV for
the full order plant model.

Remark II: The output feedback controller designed for a
subsaturated cathode condition cannot meet the performance re-
quirements when the cathode is saturated. Substantial increases
in settling times for the water activities and a large deviation in
cathode water activity can be seen from Fig. 11. While the dy-
namics of the cathode inlet humidifier lead to excessive liquid
water accumulation in the cathode, it is the change in the plant
dynamics in the presence of liquid water that causes the signifi-
cantly slow recovery of the cathode water activity with the static
output feedback. It is noteworthy to point out in Fig. 14 that al-
though the sensitivity of increases with liquid water
in the cathode for the state feedback as well as the output feed-
back controller, this increase in the sensitivity is significantly
higher with the static output feedback controller (shown by the
dashed line).

This degradation in the response observed in Fig. 14 indicates
that an output feedback controller designed for sub-saturated
conditions is ineffective when the dynamics of and are

Fig. 14. Closed-loop sensitivity of performance variables to change in load.
Controller gains tuned for subsaturated anode and cathode and evaluated for
saturated and subsaturated cathode conditions.

altered by the presence of liquid water in the cathode. Further
investigation is directed towards understanding this change in
plant dynamics, followed by redesigning the output feedback
controller under a saturated cathode condition to improve the
closed loop performance.

C. Analysis of Plant Dynamics in Saturated Conditions

As the measurement is not used for the output feedback
controller, the difficulty in regulating in the saturated con-
dition could be attributed to poor observability of from
anode side measurements. The interaction between the anode
humidity and cathode water activity is investigated by evalu-
ating their closed-loop sensitivities to a disturbance from ,
as the anode humidity is affected by only through a change
in .

Fig. 15 compares the sensitivity functions of the two
closed-loop systems, one with the output feedback controller
designed in Section V-B (i.e., for subsaturated conditions), and
the other with the state feedback controller. Fig. 15(a) indicates
that, when the cathode is subsaturated, both and
have approximately the same sensitivity to the disturbance.
Furthermore, these sensitivities are equal to the sensitivities
using the full state feedback controller (not shown in the plot for
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Fig. 15. Closed-loop sensitivity of anode and cathode water activities to dis-
turbance in the cathode inlet humidity using state feedback and output feedback
controllers. Controller gains tuned for subsaturated anode and cathode are used
for both (a) subsaturated and (b) saturated conditions.

subsaturated conditions). Therefore, an acceptable regulation
of is obtained by the output feedback controller through
the regulation of .

Once the cathode is saturated, the sensitivity of increases
by more than a factor of 30 for the output feedback controller
as seen in Fig. 15(b). Even though the disturbance manifests as
a large error in , the error in is comparatively small,
as seen from the low sensitivity of . Therefore, the output
feedback controller tuned for a condition with does
not provide acceptable regulation of the cathode water activity,
once . Note that when using the full-state feedback
controller designed for subsaturated conditions, the closed-loop
sensitivity of to with a saturated cathode is compar-
atively smaller, as expected from the transient response shown
in Fig. 11.

For the saturated cathode, the difference in the interactions
between and the measured variables is due to the differ-
ence in the membrane water transport characteristics. Specifi-
cally, the back diffusion component [see (5)] of the membrane
water transport depends upon the cathode water content, . As
seen in Fig. 3, the slope of the with respect to becomes
more gradual once , that is, the increase in the back

diffusion is caused by an increase in the mass of water is sig-
nificantly higher when the water is in vapor phase than when
in liquid phase. Consequently the liquid water accumulating in
the cathode does not substantially increase the back diffusion
and therefore has less influence on the anode water activity. The
weaker coupling between the anode and cathode water mass is
the main reason for the difference in the open loop dynamics.

D. Controller Redesign for Saturated Conditions

The changes in the system dynamic characteristics require
a redesign of the output feedback controller for saturated
conditions. Using a linear plant obtained by linearizing the
plant dynamics with a saturated cathode, we calculate the
state feedback gains that minimize the quadratic cost function

, defined in (22). As the plant dynamics are different, the
parameters and are retuned such that the response of the
corresponding optimal output feedback controller satisfies the
time-domain performance requirements. This new cost function
is then employed to calculate the corresponding optimal output
feedback gains using the procedure described in Section V-A.

In this study, the feedback gains for the saturated plant are
obtained for the performance metric with

(33)

These values of and are used to calculate the output
feedback gains at different operating points, and the resulting
gains are shown in Fig. 13 together with the gains designed in
Section V-B for subsaturated conditions.

As seen in the fourth column of in Fig. 13, the mag-
nitude of the output feedback gains between the error in the
anode humidity and the actuators increase significantly when
redesigned for a saturated cathode condition. Moreover, these
gains increase with a decrease in the slope of versus
for . Higher controller gains are required under satu-
rated cathode conditions to overcome the poor observability of
the cathode water activity from the anode side measurements.

The closed-loop response with a gain-scheduled controller is
shown in Fig. 12 by the solid line. For the closed-loop evalua-
tions, the anode humidity sensor with 1 s time constant is used
[14]. The gain scheduling provides a significant improvement
in the settling time for for the step change in the load from
170 to 190 A, and, as seen in Fig. 12, the specified settling time
(4 s) for water activities is satisfied.

E. Sensitivity To Measurement Noise

One caveat to applying the high-gain feedback is the in-
creased sensitivity to measurement noise. It should be pointed
out that the high gain feedback required for a saturated cathode
condition is due to the choice of the measured variables and not
the type of controller. Instead of a static feedback controller,
a dynamic observer-based state feedback can be tuned such
that it achieves the disturbance rejection properties of the
full-state feedback controller [see Fig. 14(b)]. The closed-loop
sensitivities when using the observers tuned for the subsatu-
rated and saturated cathode conditions on the corresponding
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Fig. 16. Closed loop sensitivity of (a) anode water activity and (b) cathode
water activity to measurement noise in � .

plants are shown in Fig. 16 by the solid and dashed–dot lines,
respectively. A significantly higher sensitivity to noise in
anode humidity measurement is seen when using the con-
troller tuned for a saturated condition. High observer gains are
obtained corresponding to the cathode water activity which
highlights the weak interaction between the cathode water
activity and the measured variables under saturated cathode
conditions. This weak interaction leads to the inherent tradeoff
between disturbance rejection and sensor noise for saturated
cathode conditions when using
for feedback. The sensitivities to sensor noise when using the
static output feedback controllers developed in this paper for the
sub-saturated and saturated conditions are also shown in Fig. 16
using the dashed–dotted and the dashed lines, respectively.

As the performance requirements for the subsaturated plant
can be satisfied using the controller designed on the sub-

saturated model , the high gain controller designed on the
saturated model is not required under subsaturated cathode
conditions. Fig. 17 compares the closed-loop sensitivity of
and to noise from anode humidity measurement for four
different combinations. These combinations are obtained from
implementing the controllers designed for subsaturated and sat-
urated plant models, and , respectively, on a subsaturated
plant, , and on a saturated plant . One can see that the
high-frequency closed-loop sensitivity to sensor noise substan-
tially increases for , the high gain feedback, thereby requiring
a high precision and fast anode humidity measurement. By ap-
plying only when , the gain-scheduled controller

Fig. 17. Closed-loop sensitivity of (a) anode water activity and (b) cathode
water activity to noise in � measurement. The subsaturated plant is denoted
by � and the saturated plant by � . Controllers � and � are designed for
subsaturated and saturated plant models, respectively.

maintains a lower sensitivity to sensor noise while the cathode
is subsaturated and yet satisfies the transient requirements when
the cathode is saturated.

The logic used here for switching between controller gains
depends upon either the measurement of cathode humidity, or its
estimate. Therefore, additional investigation would be required
to develop an alternative way to increase the gains independent
of cathode humidity measurement.

VI. CONCLUSION

In this paper, the water management and pressure regulation
problem is formulated for a PEMFC system with ejector-based
anode recirculation. A desired closed-loop system response to a
series of load changes is established using a state feedback con-
troller. A major limitation in implementing this state feedback
controller is the need to measure cathode water activity (that
is, the level of water in the cathode) in the presence of liquid
water in the cathode. When the same controller is evaluated
with humidity measurement in place of cathode water activity
measurement, the response under saturated cathode conditions
slows down substantially.

The transient requirements are shown to be met using a gain-
scheduled static output feedback controller implemented with
three anode side pressure sensors and an anode humidity sensor.
Gain scheduling based upon the cathode humidity conditions is
required to address the change in: 1) the interaction between



KARNIK et al.: HUMIDITY AND PRESSURE REGULATION IN A PEM FUEL CELL USING A GAIN-SCHEDULED STATIC FEEDBACK CONTROLLER 297

mass of water in the cathode and the flows in/out of the cathode
and 2) the membrane water transport between the anode and
cathode. The feedback gains required from the anode humidity
sensor to the actuators are significantly higher when the cathode
is saturated. As a precaution, we also point out that fast and
accurate humidity sensors are essential to achieve the desired
performance with the high gain controller.

In this study, the controllers were developed assuming a
perfect knowledge of the operating conditions for the fuel cell
system. Plant uncertainties, such as changes in the membrane
properties over time or variation in the stack temperature, can
affect the performance of the resulting control system, and,
hence, robust control design techniques should be investigated
to guarantee system performance.
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