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Abstract— Model-based control design for reducing the cyclic
variability (CV) in lean autoignition combustion is presented.
The design is based on a recently proposed control-oriented
model that captures the experimental observations of CV. The
model is extended here to include the effect of the fuel injection
timing, which is an effective way of influencing the combustion
phasing. This model is only stable for certain amounts of
residual gas. For high amounts, runaway behavior occurs
where the combustion phasing occurs increasingly earlier. For
low amounts, a cascade of period-doubling bifurcations occurs
leading to chaotic behavior. This complex dynamics is further
complicated with significant levels of noise, which creates
a challenging control problem. With the aim at controllers
feasible for on-board implementation, a proportional controller
and a reduced-order state feedback controller are designed,
with feedback from the combustion phasing. The controllers
are evaluated by simulations and the results show that the CV
can be significantly reduced, in an operating point of engine
speed and load, for a wide range of residual gas fractions.

I. INTRODUCTION

Cyclic variability (CV) in autoignition combustion, also
called homogeneous charge compression ignition (HCCI), is
one factor that limits the operating range of such combustion
concepts in commercial engines. Recently, a control-oriented
model has been developed [1], [2] that captures the experi-
mentally observed evolution of the combustion phasing for
high CV when operating HCCI lean (with excess air) with
recycling of residual gases through negative valve overlap
(nvo). Stability analysis of the model shows that limit cycles
and chaotic dynamics appear when reducing the residual gas
fraction, and that runaway behavior appear for high amounts
of residual gas fraction [2]. Moreover, there are fluctuations
in the amount of residuals that appear to be random and that
significantly affect the dynamic evolution [2], [3].

The approach here is to control the timing of the fuel
injection during the nvo period, using combustion phasing
feedback, for reducing the CV. Using injection during nvo for
the purpose of control was mentioned [4] and experimentally
investigated in [5], [6]. It was used in [7], [8] to extend the
low load limit of HCCI. Feedback control for reducing CV
was developed in [9] using the injection timing whereas valve
timings were modified on a per-cycle basis in [10], [11]. This
work is a continuation of [1], [2] and pursues model-based
control design for this interesting problem where deterministic
instabilities are mixed with stochastic noise. The instabilities
appear in the deterministic nonlinear dynamics, governed by
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Fig. 1. The engine cycle and key variables for typical cylinder pressure
p(θ), heat release Q(θ), and valve lift (dashed). The states are the values
at ivc for the temperature Tivc, the fuel mass mf, and the ignition scaling
A. The inputs are the mean residual gas fraction x̄r , injection mass mi, and
injection timing u. The problem studied is to control u(k) based on feedback
from the combustion phasing θ50(k) with the goal to reduce CV.

the thermal and the chemical coupling between cycles, that
are driven by random variations in the residual gas fraction.

High CV in spark-ignition combustion, which is a related
problem although clearly different from CV in HCCI, was
reduced in [12] by manipulating the injected fuel mass.

In the next sections, the combustion model from [1], [2]
is extended to include the effect of injection timing and the
control problem is discussed. After that, the controllers are
designed and evaluated by numerical simulation.

II. COMBUSTION MODEL

The model presented in [1], [2] captures the recycling of the
thermal and chemical energy in the residual gas and utilizes
two states, namely the temperature, Tivc(k), at intake valve
closing (ivc) and the fuel amount, mf(k), in the beginning
of cycle k. The model takes into account that combustion
efficiency varies with combustion phasing and that heat release
can occur during both closed portions of the cycle. The inputs
are the mean residual gas fraction, x̄r, and the injected fuel
mass, mi(k). The model is extended here to capture the effect
of injection timing. To do this, the crank angle of the injection,
denoted by u, is considered as a controlled input and an
additional state, denoted by A, is introduced. The definition
of the engine cycle and important variables in the model are
shown in Fig. 1. In the following, the model from [1], [2] is
summarized and the extensions are described.

A. Ignition model

The autoignition process is a complex function of the ther-
modynamic state and the chemical composition in the cylinder
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but, with constant injection timing, the bulk temperature of
the cylinder charge has shown to be the dominating effect [13].
The influence on the ignition from fuel injection during nvo is
determined by competing thermal and chemical effects [14].
It is assumed here that the conditions are moderately lean so
that pyrolysis (breakdown of the fuel molecules) dominates
while there is no reforming and subsequent oxidation into final
products. Under such conditions, the influence of the injection
timing on the combustion phasing of the following combustion
was found to be described by an S-shaped curve in the
experiments in [15]. This qualitative feature is incorporated
in the ignition model from [1], [2].

The crank angle timing of the main combustion, θm, is
given by an Arrhenius expression whereas the timing for the
combustion during re-compression is constant. The ignition
delay for the main combustion is given by

τ = A(u)p(θ)n exp
(
B/T (θ)

)
(1)

where A(u) is the state capturing the effect of injection timing,
u, and (B,n) are constant tuning parameters. The model (1)
is more commonly used without the effect of u with A(u)
being a constant [1], [2], [16], [17]. The pressure p(θ) and
temperature T (θ) are given by polytropic processes,

p(θ) = pivc

(
V (θivc)

V (θ)

)γ

(2a)

T (θ) = Tivc

(
V (θivc)

V (θ)

)γ−1

(2b)

where V (θ) is the cylinder volume, pivc is the cylinder
pressure at ivc, θivc is the crank angle at ivc, and γ is a
tuned polytropic exponent. The start of combustion, θsoc, is
modeled by the so-called knock-integral approach in [18] and
given by θsoc = κ−1(1) where

κ(θsoc,A) =
∫

θsoc

θivc

dt
τ
, dt = dθ/ω (3)

and ω is the engine speed. The end of the main combustion,
θm, is given by

θm = θsoc +∆θ , ∆θ = d1θsoc +d0 (4)

where ∆θ is the burn duration and (d0,d1) are tuned
parameters. The complete ignition model becomes

θm(Tivc,A) = κ
−1(1)(1+d1)+d0 (5)

defined by Eq. (1)–(4).

B. Residual gas fraction

The residual gas fraction xr is, in practice, mainly regulated
by controlling the nvo. Moreover, as shown in [3], the nvo
mainly influence the mean value, x̄r, and the variations around
the mean can be described by Gaussian white noise,

xr(k) = x̄r + e(k), e(k) ∈ N(0,σ) (6)

where e(k) is normally distributed with zero mean and vari-
ance σ2. One interpretation of Eq. (6) is that it approximates
the lumped effect of higher order dynamics, such as turbulent
flows, that affects the residual gas fraction in each cycle.

C. Complete model

The structure of the complete model is
Tivc(k+1) = f1 (x(k),xr(k))

mf(k+1) = f2 (x(k),xr(k),mi(k))

A(k+1) = f3 (u(k))
(7)

where x(k) =
(
Tivc(k),mf(k),A(k)

)
is the state vector and

xr(k) is given by (6). The temperature dynamics f1, derived
in [1], [2], is

Tivc(k+1) = (1− xr(k))Tim + xr(k)Tr(k) (8)

where the gas temperature at intake valve opening, Tr(k), is

Tr(k) =
{

α
[
1+βηm(θm)mf(k)V (θm)

γ−1] 1
γ +

ζ mf(k)(1−ηm(θm))

}
Tivc(k) (9)

and (α,β ,ζ ) are lumped parameters. The combustion effi-
ciency, ηm(θm), is modeled by

ηm(θm) = e1

(
1+ exp

θm− e2

e3

)−1

, (10)

with the parameters (e1,e2,e3). The end of main combus-
tion θm = θm(Tivc(k),A(k)) is defined by (1)–(4). The fuel
dynamics f2 is given by

mf(k+1)=mi(k)+xr(k)(1−ηm(θm))(1−ηn)mf(k) (11)

where ηn is the combustion efficiency during nvo, which is
assumed constant. The structure of f1 and f2 follows [1],
[2] whereas f3 for the additional state A(k) is introduced
for the purpose of modeling the influence of the injection
timing u(k) on the ignition in the following cycle. To capture
the qualitative characteristics in the experiments in [15], the
model is chosen as

A(k+1) = s0 + s1

(
1+ exp

u(k)
s2

)−1

(12)

with the parameters (s0,s1,s2). The injection timing u(k) is
given in crank angle degrees, see the illustration in Fig. 2.

The output from the model is the combustion phasing, the
50% burn angle denoted by θ50, and is approximated to occur
after half the burn duration. Equation (4) then gives

θ50(k) = d̃1θsoc(Tivc(k),A(k))+ d̃0 (13)

where d̃0 = d0/2 and d̃1 = 1+d1/2.

D. Model parametrization

The model parameters are physically reasonable values
taken from the literature. The operating conditions and the
geometry, obtained from sensor measurements and engine
specifications respectively, are given in Tab. I. With the
geometry parameters, the volume V is readily calculated
at any crank angle. The parameters specific for the ignition
model (1)–(4) are given in Tab. II whereas the parameters for
the temperature dynamics f1 and the fuel dynamics f2 are
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Fig. 2. Ignition model for the effect of injection timing u(k−1) on the
combustion phasing θ50(k) of the following cycle.

given in Tab. III and IV. The parameters for f3 are given in
Tab. V and the model is illustrated in Fig. 2 by computing the
output θ50(k) as a function of u(k−1) for different Tivc(k)
using Eq. (12)–(13).

III. CONTROL PROBLEM

The inputs to the model in Eq. (7) are x̄r, mi, and u. The
residual gas fraction x̄r is, as mentioned earlier, regulated
by the nvo and, with commercially viable cam phasing
mechanisms, this control is on a considerably slower time
scale than that of an engine cycle. The injected fuel amount
mi is typically used to track the desired load from the driver.
Control of x̄r and mi is thus limited by slow actuation and
the requirement of tracking the desired load. Therefore, it
is here assumed that these are constant and the problem
of controlling the injection timing u for reducing the CV
is studied. Note, however, that also manipulating mi on a
per-cycle basis should give the same or better performance
and may be beneficial if the authority of u is exhausted. In
summary, with the additional constant parameters (x̄r,mi),
the model for the studied control problem is given by Eq. (7)
and (6) as

Tivc(k+1) = g1
(
Tivc(k),mf(k),A(k),σ

)
mf(k+1) = g2

(
Tivc(k),mf(k),A(k),σ

)
A(k+1) = g3 (u(k))

(14)

where both the deterministic case (σ = 0) and the stochastic
case (σ > 0) are studied in the following. The feedback signal
is the combustion phasing θ50. This angle, e.g. calculated
from in-cylinder pressure sensors, is a suitable signal to use in
closed-loop control [19]. Finally, for practical implementation,
the controller needs to be simple to make the computation
of u(k) based on the calculated θ50(k), see Fig. 1, feasible
in an on-board control unit.

A. Open-loop characteristics

The stability analysis in [2] of the open-loop characteristics,
Eq. (14) with u(k) = 0 and σ = 0, shows that the model is
only stable for a range of residual gas fractions. This is
illustrated in Fig. 3, which show the multipliers (µ1,µ2) (the

TABLE I
QUANTITIES KNOWN BY DESIGN OR MEASUREMENTS.

Parameter Symbol Value
Engine speed ω 2000 rpm
Intake valve closing ivc 200 ◦aTDCn
Pressure at ivc pivc 1.08 bar
Intake temperature Tim 300 K
Compression ratio rc 12:1
Bore b 86 mm
Crank radius a 43 mm
Connecting rod l 146 mm

TABLE II
IGNITION DELAY AND BURN DURATION CHARACTERISTICS.

Parameter Symbol Value
Temperature factor B 6.3·103 K
Pressure exponent n -1.4
Burn duration offset d0 8 ◦aTDCm
Burn duration slope d1 1.6

TABLE III
LUMPED PARAMETERS FOR THE TEMPERATURE DYNAMICS.

Parameter Symbol Value
Breathing parameter α 0.75
Temperature rise factor, main comb. β 2.0 1/mg m3(γ−1)

Polytropic exponent γ 1.3
Temperature rise factor, nvo comb. ζ 0.11 1/mg

TABLE IV
EFFICIENCY PARAMETERS.

Parameter Symbol Value
Scaling, main comb. efficiency e1 0.99
Shift, main comb. efficiency e2 30 ◦aTDCm
Slope, main comb. efficiency e3 6.5 ◦
Efficiency for nvo comb. ηn 80 %

TABLE V
INJECTION TIMING PARAMETERS.

Parameter Symbol Value
Offset parameter s0 2200 s/barn

Scaling parameter s1 600 s/barn

Slope parameter s2 3 ◦

poles corresponding to g1 and g2 of the linearized system) for
varying x̄r for a constant load. For high amounts of residuals,
runaway behavior occurs where the combustion phasing
occurs increasingly earlier. For low amounts, a cascade of
period-doubling bifurcations occurs, which eventually leads to
seemingly chaotic behavior. These characteristics are shown
in the (light gray) orbit diagram in Fig. 4. Also shown are the
diagrams for the controllers designed in the next section. Note
that the orbit diagram shows the output (13) corresponding
to stable fixed points or stable cycles for the model (14)
when such exist, which is the case for x̄r between 42.7% and
54.1%. For x̄r below 42.7%, there are no stable orbits and
100 iterations of the model are shown.

IV. CONTROLLER DESIGN

Controller design based on the model in Eq. (14) is carried
out for one operating point corresponding to an engine speed
of 2000 rpm and a load given by mi of 12 mg/cycle. The design
is done in a deterministic setting, σ = 0, whereas noise is
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Fig. 3. Locus of the open-loop multipliers (µ1,µ2) for varying x̄r between
45.7% (first period-doubling occurs) and 54.1% (runaway occurs).

Fig. 4. Orbit diagrams for the combustion phasing θ50 for the system in
open-loop and in closed-loop with the controllers designed in Sec. IV.

considered in the evaluation of the controller performance.

A. Proportional control

Proportional feedback control was proposed in the first
seminal papers on control of chaotic dynamics [20]–[22].
The controller design methods in these papers do not rely
on an explicit model of the system, instead experimental
observations are used to estimate a number of key features
that determine the gain. Here, the model is utilized to select
the gain. A proportional controller, denoted by PF, with
feedback from the combustion phasing θ50 is

u(k) = K(θ50(k)−θ
∗
50) (PF)

where K is the gain and θ ∗50 is the desired reference point.
To select the gain, the multipliers for the model (14) with
x̄r = 42% and the control (PF) are computed. The locus of the
multipliers are shown in Fig. 5. The two multipliers (µ1,µ2)
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Fig. 5. Locus of the closed-loop multipliers (µ1,µ2,µ3) for varying feedback
gain K with proportional control. The choice of K = 1.2 encircled.
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Fig. 6. Locus of the closed-loop multipliers (µ1,µ2,µ3) varying residual
gas fraction x̄r with the proportional gain K = 1.2.

move from their open-loop locations as K increases and
indicate a stable system for K between 0.7 and 1.6. The third
multiplier µ3 has a small non-negative real value for all K. A
value of K = 1.2 is selected as a trade off between oscillation
amplitude and settling time in the transient response.

Now, the closed-loop system with K = 1.2 and varying
residual gas fraction is analyzed. The multipliers, shown in
Fig. 6, show that the control successfully stabilizes the system
for x̄r between 39.3% and 53.5%. The steady-state behavior
is shown in Fig. 4. The limit cycles and the chaotic dynamics
are stabilized and reduced to a stable fixed point for x̄r larger
than 39.3% whereas the point of runaway is moved to a
slightly lower x̄r, from x̄r 54.1% to 53.5%.

B. State feedback control

With state feedback control, there are more parameters to
tune and, naturally, more flexibility in the design of the closed-
loop dynamics. Here, the well known linear techniques with a
Kalman filter and a linear-quadratic regulator are used as tools
for determining the controller parameters in a systematic way.
Thus, Eq. (14) is first linearized and the states are normalized
to obtain a linear model,

x̃(k+1) = Ax̃(k)+Bδu(k)

δθ50(k) =Cx̃(k)
(15)

where x̃ is the normalized state vector and (δu,δθ50) are the
control and output deviations, respectively, from the nominal
point. The point of linearization is the unstable fixed point
with input x̄r = 44%,mi = 12 mg/cycle,u = 0◦ corresponding to
the state x = (503.7K,12.1mg,2500s ·bar1.4).

For the observer, the variance for the measurement noise
is set to 1 and the covariance matrix for the states is chosen
diagonal with the elements (100,1,10). The regulator is
designed by minimizing ∑

∞
k=1
(
100δθ50(k)2 +δu(k)2

)
. To

simplify the controller as much as possible, controller order
reduction was performed by computing a balanced realization
and removing states with small Hankel singular values. The
final controller has one state, is given by

ξ (k+1) = 0.6307ξ (k)−1.204δθ50(k)

δu(k) =−1.204 ξ (k)+2.002δθ50(k)
(SF)

and is denoted by SF in the following.
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Fig. 8. Return maps for 3000 cycles. The PF shows fairly good performance
in (b)–(c) whereas the performance with the SF deteriorates away from the
nominal point. The case in (a) and (d) is challenging for both controllers
due to the very low residual gas fraction.

Figure 7 shows the closed-loop multipliers for varying
x̄r using the controller (SF), and Fig. 4 shows the steady
state behavior. The control successfully stabilizes the system
between 43.2% and 53.5%. The stable period-4 and period-
2 cycles for x̄r between 43.2% and 45.7%, see Fig. 4, are
reduced to a stable fixed point. The closed-loop is not stable
below x̄r of 43.2% and the behavior when reducing x̄r is
similar to the open-loop although the amplitudes of the first
stable limit cycles are reduced. Compared to the proportional
control, the stability region for the state feedback is narrower
in x̄r but the locations of the multipliers, e.g., indicate a more
damped transient response in the nominal point of x̄r = 44%.

V. CONTROLLER EVALUATION

To evaluate the controllers in a realistic setting, noise is
introduced. As shown in [1]–[3], the model (14) is represen-
tative of the open-loop behavior observed in experiments and
the level of noise is approximately σ = 0.8%. The PF and

TABLE VI
MEAN AND STANDARD DEVIATION OF THE COMBUSTION PHASING

(θ̄50,σ50) IN OPEN LOOP AND WITH FEEDBACK CONTROL.

x̄r = 42% x̄r = 44% x̄r = 46%
θ̄50 σ50 θ̄50 σ50 θ̄50 σ50

Open loop 8.8 9.5 8.9 5.4 8.1 2.7
Prop. feedback 10.8 4.9 9.6 2.6 7.9 1.8
State feedback 10.7 5.5 9.8 2.0 7.7 2.1

Fig. 9. The time evolution of the output, θ50, and the control, u, for 180 s,
where the controller is switched at 90 s. The performance is overall better
with the PF than with the SF.

SF controllers are compared in Fig. 8 with the open-loop
behavior using the simulated return maps for 3000 cycles for
varying x̄r. Table VI shows a comparison in terms of mean
and standard deviation of the combustion phasing (θ̄50,σ50).
The time evolution is shown in Fig. 9 for 3 min, equal to 3000
cycles at 2000 rpm, where the control is switched between
the two controllers after half the time.

The characteristic shapes in the return maps for the open-
loop cases in Fig. 8 indicate that there are low-order nonlinear
deterministic couplings between subsequent cycles [2]. A
controller should, ideally, make the variability between cycles
purely random, which would manifest itself as featureless
clouds in the return maps. Both controllers do contract
the pattern in all cases. Table VI shows that the standard
deviation of the combustion phasing, σ50, is reduced by
between one fourth and one half of the open loop case while
the average values are close to the open-loop case or later.
The SF has the best performance for x̄r of 44%, which is
the closest point to the nominal point for the design of the
controller. However, when x̄r is decreased or increased from
this point, the performance deteriorates and the PF is better.
For the case with the x̄r = 42% in Fig. 8(a) and 8(d), both
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controllers contract the pattern slightly but there are still clear
deterministic couplings between cycles. This case is expected
to be the most challenging due to the underlying chaotic
dynamics in the model that is mixed with stochastic noise.
Figures 9(a)–(b) show that with PF, unlike with SF, the CV
is reduced during periods of time but there are spurious burst
with higher CV. The PF stabilizes the chaos at x̄r = 42% in
the absence of noise, as shown in Fig. 4, but a realistic noise
level leads to such bursts. With SF, the closed-loop is not
stable at this x̄r and the performance is poor despite reduced
noise. With PF, u is mostly in between ±10◦, see Fig. 9,
where there is still control authority left, see Fig. 2, although
there are a few spikes towards ±20◦. The SF also utilizes a
reasonable range of the actuator except for the case with x̄r
of 46% as shown in Fig. 9(e)–(f).

VI. CONCLUSIONS

Feedback controllers for reducing CV in autoignition com-
bustion are designed and evaluated by numerical simulation.
A proportional control of the injection timing with feedback
from the combustion phasing is shown to perform well for
an operating point (engine speed and load) with a wide
range of residual gas fractions. Without noise, this controller
increases the stable range of the combustion by stabilizing
the limit cycles and the chaotic dynamics associated with low
amounts of residual gas fraction. The CV is still reduced when
adding noise with magnitude observed in experiments. The
performance deteriorates, however, for values of the residual
gas fraction in the chaotic region. A state feedback controller
is designed using linear techniques, which improves upon
the proportional feedback close to the nominal conditions but
worsens the performance for other conditions. Future work
pertains to experimental evaluation of the controllers.
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