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Instability in Automotive Disk

Thermoelastic instability in automotive disk brake systems is investigated focusing
on the effect of a finite disk thickness. A finite layer model with an antisymmetric
mode of deformation can estimate the onset of instability observed in actual disk

brake systems. Also some effects of system parameters on stability are found to
agree well to experimental observations.

1 Introduction

Dow and Burton (1972) and Burton et al. (1973) have shown
that a small sinusoidal perturbation in the otherwise uniform
contact pressure between two sliding half-planes is unstable if
the sliding speed exceeds a certain critical value which depends
upon the wavelength of the perturbation. This instability, which
results from the interaction of frictional heat generation, ther-
moelastic distortion and elastic contact, is known as frictionally
excited thermoelastic instability or TEI (Barber, 1967 and 1969).
It leads generally to the establishment of localized high tem-
perature contact regions known as Aot spots. This phenomenon
is observed in many practical applications, particularly in brakes
and clutches, where significant frictional heating occurs
(Swaaij, 1979; Hewitt and Musial, 1979; Kreitlow et al., 1985;
Abendroth, 1985; Anderson and Knapp, 1989). Severe hot
spotting may produce harmful surface cracks (Anderson and
Knapp, 1989) and induce low frequency vibration problems
(Kreitlow et al., 1985; Thomas, 1988).

Burton’s analysis can be used to obtain an order of mag-
nitude estimate of the speed required to cause TEIL, but this
estimate is found to be considerably higher than the speeds at

which hot spots are observed experimentally in automotive

disk brake systems (Kreitlow et al., 1985; Abendroth, 1985;
Anderson and Knapp, 1989). An important factor in this dis-
crepancy is probably associated with the difference in geometry
in that the brake disk has a finite thickness and slides against
two pads, one on each side, in contrast to Burton’s system of
two sliding half-planes with a single interface. In particular,
we might anticipate that the finite disk dimension will exert a
stabilizing influence on the longer wavelength perturbations,
which are those governing the onset of instability.

In the present paper, we shall examine this hypothesis by
extending Burton’s analysis to the case of a layer sliding be-
tween two half-planes.

2 The Model
We represent the brake disk by a layer of thickness 2a and
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the pads by two half-planes, as shown in Fig. 1. The stationary
half-planes, 1, are pressed together by a uniform pressure p,
and the disk, 2, slides between them at constant speed V.

It might be argued that the representation of finite thickness
pads by half-planes in this model will introduce errors com-
parable with the effects under investigation, but this will not
be the case as long as the conductivity of the pad material is
significantly lower than that for the disk. Burton has shown
that in such circumstances, the pressure perturbation is almost
stationary with respect to the good conductor and moves over
the surface of the poor conductor. The perturbed temperature
field then penetrates only a small distance below the surface
of the poor conductor and hence replacement of a finite thick-
ness pad by a half-plane will have little effect on the resulting
stability behavior.

In automotive practice, disks are typically of cast iron (K
= 54 W/m°C) and composition friction materials are used
for the pad with conductivities generally lower than 57 W/
m°C.

The geometry of the system is symmetrical about the mid-
plane of the layer, but it does not necessarily follow that an
unstable perturbation will exhibit the same symmetry. How-
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A layer between two half-planes, pressed by a uniform pressure

Fig. 1
Po
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ever, as long as the perturbation remains small, linearity is
preserved and it follows that we can describe an arbitrary
disturbance as the sum of symmetric and anti-symmetric parts.
Furthermore, unless two or more unstable perturbations have
the same exponential growth rate, the stability boundary and
the growth of the resulting disturbance will be dominated by
the leading symmetric or anti-symmetric mode. We therefore
consider the symmetric and antisymmetric problems separately
and discuss the consequences for the more general problem in
section 5.

3 The Symmetric Problem

Following Dow and Burton (1972) and Burton et al. (1973),
we examine the conditions under which a spatially sinusoidal
perturbation in the stress and temperature fields can grow
exponentially with time, ¢. Results for a more general form of
perturbation can then be obtained by superposition, which in
this instance would be equivalent to Fourier transformation.

The half-planes and the layer are generally of dissimilar
materials, appropriate properties being distinguished by the
suffix 1 for the half-planes and 2 for the layer. We assume
that the perturbation has an absolute velocity ¢ in the x-
direction and relative velocity ¢; with respect to body i. It
follows that ¢ = ¢, = V + ¢, and that the sliding velocity V
can be written

&)

We introduce the coordinate system (x, ¥) moving with the
perturbed field, so that the perturbation in contact pressure
can be written as

V:Cl"—(.'z

(2)
The associated perturbation in frictional heat generated is then
given by

p(x,t)=p, exp(bt)cos(mx)

Gne=dy1 — 42 =S Vpy exp (br)cos (mx) (3)
where f'is the coefficient of friction and g,; is the heat flux in
the y-direction at the interface in body i.

We also introduce local coordinate systems (x;, y;), sta-

(©)
M

Y=W
=V—a

3.1 Temperature Field. The temperature field in each
body must satisfy the transient heat conduction equation

T, *T;, 19T,
e ®)
aX,' ay, k,‘ at
where .
. K
kj=—" ©)
PiCpi

is the thermal diffusivity and K, p;, ¢, are, respectively, the
thermal conductivity, density, and specific heat of the material.

A suitable form of temperature perturbation can be written
in the form

Ti=®{fi(yiyexp (bt +jm (x;—cit)) } (10)

where j = </ —1 and the (generally complex) function f;(y;)
has to be chosen to satisfy (8). Note that in the following
analysis we shall assume that the exponential growth rate b is
real. Substituting (10) into (8) and solving the resulting ordinary
differential equation, we obtain

Ji(yi) =F; exp(= N y;) + G exp(\ ;) (11
where
. b\ Jjmc;
i=gi i= S g 12
N=Ei+jn <m +ki> %, (12)

F;, G; are arbitrary complex constants and the square root is
defined such that £; > 0. Thus we have

Ti=®{ (F; exp(— Ny} + G; exp(\i i) Yexp (bt + jm (x;— it} )
(13)

The temperature perturbation in body 1 must decay away from
the interface, i.e., 7; — 0 as y, — oo, from which we conclude
that G; = 0 and hence

tionary in the upper half-plane and the disk respectively, Ty =QR(F, exp(bt—Ny+im(x,—cit))} (14)
through the relations Also, from the symmetry of the problem, we have
X=x—ct (4)
qy2=—K2?‘E =0 (15)
=X~ 0l (5) 9y, y=0
Nomenclature
A = dimensionless half layer thick- ! = wavelength ¥y; = local coordinate in y-direction
ness I, = pad length stationary in body i
a = half layer thickness m = spatial frequency of sinusoidal o = coefficient of thermal expan-
b = exponential growth rate perturbation sion
b" = dimensionless exponential p = pressure perturbation a* = dimensionless coefficient of
growth rate Gne = perturbation in frictional heat thermal expansion
¢ = absolute velocity of perturba- gy = heat flux in the y-direction n = imaginary part of A
tion ® = real part of complex function N\ = separation constant
¢; = relative velocity of perturbation T = temperature perturbation N = dimensionless A
X with respect to body t = time s = shear modulus
¢; = dimensionless relative velocity u = displacement vy = Poisson’s ratio
of perturbation with respect to ¥V = sliding velocity . ¢ = real part of A
body i V* = dimensionless sliding velocity p = density
¢, = specific heat x = coordinate in sliding direction o = stress
E = elastic modulus moving with the perturbed ¢ = isothermal potential A
J = coefficient of friction field ¥ = thermoelastic potential
J=-1 x; = local coordinate in x-direction @ = isothermal potential D
K = thermal conductivity stationary in body
K" = ratio of thermal conductivities y = coordinate in direction of disk ~ Subseripts
= thermal diffusivity thickness moving with the per- 1 = half-planes
k* = ratio of thermal diffusivities turbed field 2 = layer
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which with (13) implies

Fy=G, (16)
Thus, the temperature in body 2 can be written
T,=®{2F, cosh(\yya)exp (bt +jm(x, —¢3t)) } a7

The temperature is required to be continuous at the interface,
i.e.,

Ty (x,0,t) = T, (x,0,t) (18)
Expressing (14) and (17) in the (x, ¥) coordinate system and
using (18), we obtain

F,=2F, cosh(\a) (19)

Thus, we can write the temperature in the (x, y) coordinate
system in the form

Ti=®R{Tyexp(bt—Ny+jmx))}

B cosh(h (¥ +a))
h=a {TO cosh(\a)

where T, is an unknown constant. Note that only the heat
conduction equation contains time-dependent terms and hence
the subsequent calculations can all be performed in the moving
coordinate system (x, y).

3.2 The Heat Generated at the Interface.
at the interface! can be written

(20)

exp(bt+jmx)} (21)

The heat flux

Gyi= —Ki 7= (22

y=0
Substituting (20) and (21) into (22) and using (3), we obtain
fVp, exp (bt)cos(mx)

=R { {(Ki\ + Ko\, tanh(\a) } Toexp (bt +jmx) )} (23)

and hence
{ K\ + Ko\, tanh(\a) } To=fVp, 24)
3.3 Thermoelastic Stresses and Displacements. We now

consider the mechanical boundary conditions of the problem.
Since the stresses due to the temperature perturbation must
disappear at a distance far from the interface, we have a bound-
ary condition at infinity such that

Oxxts Oxpls Opy—0 y—oo0 (25)

Also, from the symmetry of the problem, we have
Up=0 y=-a (26)
0p2=0 y=-a @7

At the interface, y = 0, we have

Uy = Uy (28)
Oyy1 = Oy = — P (X,1) 29
Oyl = Oxyn= —fP(X,1) (30)

where the sign in Eq. (30) implies that V' > 0.

A particular solution of the thermoelastic problem corre-
sponding to the temperature field of (20) and (21) can be
obtained in terms of a strain function y (see Barber, 1992,
Chapter 17).

2=V (31
where
V=BT (32)
21+ v;
p=2oirr) (33)

and o, u;, v; are, respectively, the coefficient of thermal ex-

'Notice that there is also heat generated at the symmetric interface y = —2a,
but this is automatically accounted for by the symmetry condition (15).
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pansion, shear modulus, and Poisson’s ratio of the materials.
Substituting (20) and (21) into (32) we obtain

1To
h= cﬂw 3 exp (bt~ xlywmx)} (34)

voe (R{ B2To_cosh(hy(y+a))

cosh(\a)

N xp(bt+jmx)} 35)
The corresp_ondiflg stresses and normal displacements are de-
fined through the relations

1 3y
2["*1 ay
We next superpose isothermal solutions A and D of Green and
Zerna (1954, section 5.7) on the particular solution (36) to
obtain a sufficiently general solution to satisfy the mechanical
boundary conditions. The corresponding stress and displace-
ment components are

Ea2
oxay

KAl

Oyyi= — 7 35 Oxyi=
ry ax

(36)

uy,«

Uy = 2; aa‘i#ZM{ a“"—(3 41/1)0)1} G37)
wv%w%—z( u,)a—“y’l (38)
oxﬂ:g;gj aa;‘(;’;( 2 2 (39)
Upp= 2; ‘:iz o {(y+a)——(3 4V2)w2} (40)
o= - <'§¢2+(y+a)7 21~ v»@ @1)
0xy2:2i—§;+(y+a)%_( 2V2)2"0‘2 (42)

where V2, w; = 0. Notice that, for the layer, we have chosen
to preserve the symmetry of the representation by writing the
solution initially in the (x,, y,) coordinate system and then
using the relation ¥, = y + a. This change of coordinate
system only affects the terms deriving from solution D —i.e.,
those involving w,. We can then satisfy the symmetry condi-
tions (26, 27) by requiring that ¢, be an even function and w,
an odd function of y, = (¥ + a), the appropriate forms being

43)

(44)

To satisfy (25) we choose ¢;, w, such that ¢, w; — O asy —
oo, Suitable forms are

¢2=G& A, cosh(m(y+a))exp(jmx)}
wy=®{B; sinh(m (¥ + a) )exp (jmx) }

¢1=QR{A, exp(—my+,jmx)} (45)

w;=®{B, exp(—my+jmx)} (46)

Substituting (34-35) into (36) and (43-46) into (37-42) re-
spectively and superposing corresponding stress and displace-
ment components, we obtain

Toh
uylz(R{ {le 0 lzexp( )\,y+bt+jmx)}

1
—— {mA, exp(—my+jmx)}
2m

—2—1— {my+(@3—4v)}B exp(—my+jmx)} (CY)
i
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H (A)=

2papakaon(l -+ v,)
{ua(1— vl)(Asech?‘A +tanh A) +pu,(1— v)tanh’A4 1K’

(5%

Apypakaco(1 + vy)

Hy(A) =

T

a},ﬂ:(ﬁ{mzi fl 02 exp(~)\1y+bt+jmx)z
)\1—m

+m2A1 exp(—my+jmx)

+ {my +2(1 —»)) }mB, exp( —my+jmx)] (48)

ToN
oxy,=(R|:—jm{62' 0 lzexp(~)\1y+bt+jmx)}
)\1—m
-jm2A, exp(—my + jmx)

—Jjimy+(1—-2p)}mB, exp(— my+jmx)] (49)

[ 1 {BZTO)\Z sinh(\, (y +4a))
uyZZ(R —

2| N—m? cosh(na) eXp(bt”mx)}

= (A, sinh (m(y+ @) exp Gmx)
2p2

+—2_ll: {(y+aymcosh(m(y+a))—(3—4dpr)sinh(m(y+a)))
2

X B, exp(jmx)] (50)

o=@ | m? BTy cosh(h(y+a))
e MN~m?*  cosh(\a)

exp (bt +jmx)}

+m*A, cosh(m(y+a))exp (jmx)

+{(y+a)ymsinh(m(y+a)) —2(1 —vy)cosh(m(y+a))}

X mB, exp(jmx)] (51)

. [ {BZTOM sinh(\ (¥ +4))
0ga=8\| jm

t+J
M-mt  cosh(ha) exp (b me)}

+jm’ A sinh (m(y +a) )exp (jmx)

+jf{(y+aymcosh(m(y+a))—(1—2p)sinh(m(y+a))}

X mB, exp(jmx)] (52)

The interface conditions (28-30) then define four simultaneous
complex equations for the complex constants, A, A,, By, B,.
Finally, noting that the contact traction

0y1(%,0,8) = — py exp (bt)cos(mx), (53)

we can substitute for p, in Eq. (24) to obtain the complex
characteristic equation

LS| _ipHh
{Kz )\1 +>\2 tanh()\za)} (1 jf H2>

leVm 1 Oll(l"f'V]) 2
- Asech?A + tanh A
Ko | N gy A5C anh A}
tanh 4
+ 5552 [\ tanh(\a) — m tanh A}} (54)
)\2—~m

where

610/ Vol. 115, OCTOBER 1993

{a(1 - 20) (Asech?4 +tanh A) — p,(1 —2vy)tanh A + pAsech’4 ) K,

(56)

and A = ma. ]

For given values of V, m and material properties, Eq. (54)
defines the exponential growth rate b, which appears implicitly
in \; through Eq. (12).

3.4 Dimensionless Presentation. We restate the charac-
teristic Eq. (54) in dimensionless form by defining the foliowing
dimensionless parameters.

% Kl * kl * 011(1+V1)
== =— -_— 57
K KZ k kz « 0!2(1+V2) ( )
NN ot (58)
m kym
V
:;2”;1“—-6'1 e &) (59)
« b
b= (60)

Substituting the expressions (57-59) into Eq. (54), we have
* H
{K*\] +); tanh(\A) ) (1 —jf17‘>
2

’ tanh A
=fHV* | = (Asech2A+tanhA)+3,?-2———
)\1 +] )\2 —

X { N\ tanh(\yA4) —tanh A4 1] 61)

3.5 The Stability Boundary. Perturbations will generally
only be possible for certain eigenvalues of the exponential
growth rate, b. Stability will be maintained if the growth rates
of all such perturbations are negative since all initial pertur-
bations will then decay with time. Thus we can find the stability
boundary by setting the growth rate to zero and hence obtain
the critical sliding speed which depends upon the wavelength
of the perturbation. When » = 0, the dimensionless form of
Eq. (12) reduces to

N =8+ (62)
where
N 1 C* 2 172
£ = 5{1+ 1+<k—1*> B (63)
R 1 c* 2 172
iGln @1 e
f2= 5[” 1+(c2>2B (65)
. 1 , 172
ﬂ2={5 1+ H(CZ)ZB (66)
which imply the relations
Pent=1 B ogt=1 (67)

After substituting (62) into Eq. (61) and separating the real
and imaginary parts, we obtain two real equations, which,
using (67) can be written

Transactions of the ASME

Downloaded 04 Nov 2008 to 141.212.141.77. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



£ sinh(24£) —n, sinQAy;)
cosh(24£,) + cos(2473)

K*: +

N f o *+£§ sin(2An) +n; sinh(24¢;)
cosh(ZAE;) +cos(2A4 n;)

HV* ot h A
SHV { + (Asech? A +tanh A) + an

2 £ 2?72

y {g;" sin(2An, ) 1 sinh(zfjg;")ﬂ 68)
cosh(2A4£,) +cos(24n,)

£ sinh(2AE;) +n, sinAn,)
cosh(24%,) — cos(2An;)

e [ e +n2 Slnh(ZAEz) £ Sm(ZAﬂz)}
cosh(2A£2) —cos(241,)
_JHV

2

K*&) +

coth A

2772

[E (- Acsch2A+coth A)+
1

y {n;‘ Sinh(2A£) ~ £ sin(2Aw; )ﬂ -
cosh(2A4£,)—cos(2An,)

M (Asech? A

S

K*n*+sé‘ sinAm) +y sinh(Agy)  Hif e
' cosh(2A£)) +cosRA) H,

& smh(ZAsz) 2 sinAn, )} _fHV” {
cosh(2A£2) + cos(ZAnz)

2 | E5GE+D

+tanh A) +

Car
212

tanh A {52‘ sinh(24%,) — n; sin(2A4n,) —tanh A(cosh(24£, )+ cos(2An, ))}] )

cosh(2A4 E; )+ cos(2A 17; )

K*n*+—z;‘ sin(247,) + 1, sinh(2AEy) fH’[K £y , k2 SinhQAE) + 17, sin(2dn;) =_leV*[ o’
"7 cosh(248) — cos(2An; ) H, cosh(24£;) — cos(2A4n;) 2 | E@E+D

X (—Acsch? A +coth 4) +

* %
2M2

These equations and the relation (59) can be used to eliminate
% * . . . .
¢, ¢; and hence determine the dimensionless critical speed

4 The Antisymmetric Problem
From the antisymmetry of the problem, we have

T,=0 y=-—a (70)
u,=0 y=—a (71)
6,0=0 y=-—a (72)

Following the same steps as the symmetric problem except
using (70-72) instead of (15) and (26-27), we obtain the com-
plex characteristic equation for antisymmetric problem, which,
using (57-59) can be written

*

(K*\ + s coth(k?A)}(l—jf%) =fH V*[
2

(— Acsch? A + coth A) +;\

coth A {g;* Sinh(2A£3) + 7, sin(2An, ) — coth A(cosh(2AE;) — cos(2An; ))}] -

cosh(24£;) — cos(2Am, )

As before, these equations and the relation (59) can be used
to eliminate ¢, ¢; and hence determine the dimensionless
critical speed V™.

5 Results

Grey cast iron is almost universally used for brake drums
and disks, but there is considerably more variability in the
choice of friction materials. Two typical friction materials—
one asbestos-based (material C) and one semimetallic (material
D)—are investigated in the present section, though we note
that semimetallics have now largely replaced asbestos friction
materials due to environmental concerns. Appropriate material
properties, reproduced from Day (1988) are given in Table 1.
Notice in particular that both friction materials have substan-
tially lower thermal conductivity than cast iron, which is ex-

oth A\ coth()\zA)—cothA]] (73)

(75)

where
2pypakyon(l +v)
H (A)= 74
1(4) {ua(1 - »)(— Acsch? A + coth A) + {1 — vy)coth? 41K, 4
and
Hy(A)= dppakaon(1 + v))

After substituting (62) into Eq. (73) and separating the real
and imaginary parts, we obtain two real equations, which,
using (67) can be written
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pected to cause the velocity of the self-excited perturbation to
be closer to that of the disk than the pad. The difference in
conductivities is not so large as to permit the simplifying ap-
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Table 1 Material properties

E o K k
No. Material N/m?x10°  »  °C7'x107° W/m°C m¥/sx107¢
1 Pad material C .53 0.25 30 .5 269
1 Pad material D 1 0.25 10 5.0 3.57
2 Cast iron 125 0.25 12 54 12.98

‘unstable zone
for sym. mode

[NEET | A N R TIT)

- unstable zone

 for anfisym. mode

stable zone

NSRRI

Symmetric mode
o —=  Antisymmetric mode

el

Fig. 2 The critical speed of the symmetric and antisymmetric modes
of deformation for material C

proximation of the pad material by a thermal insulator (Lee
and Barber, 1993), but it will restrict the flow of heat into the
pad and therefore justifies the representation of the pads by
half-spaces instead of layers.

We take f = 0.4 as an appropriate value for the coefficient
of friction (Day, 1988).

Symmetric and Antisymmetric Modes. The critical speed
V—i.e., the sliding speed at which the perturbation first be-
comes unstable—is shown in Fig. 2 as a function of A = ma,
for a sliding system of cast iron and friction material C. For
a disk of given thickness, ¢, the dimensionless parameter A
varies with the wavenumber m, or inversely with the wavelength
{, since

A=ma= 2ma and hence /= 2ma (78)
! A

Figure 2 shows that the antisymmetric mode becomes un-
stable at a lower speed than the symmetric mode for all values
of the wavelength and hence practical instabilities are likely to
be characterized by antisymmetric deformations. This is indeed
confirmed by experiment and by service experience (Thoms,
1988). The antisymmetric mode involves hot spots located al-
ternately on the two sides of the disk in the direction of sliding
and leads to a circumferentially ‘buckled’ deformation pattern
as shown in Fig. 3.

Qualitatively similar results were obtained with friction ma-
terial D and also for hypothetical friction materials with a wide
range of thermal properties.

5.1 The Effect of Wavelength. If the pad material and
the disk were really semi-infinite in the direction of sliding,
perturbations of any wavelength would be possible and the
system would be unstable if any such perturbation were un-
stable in either the symmetric or antisymmetric mode. If the
sliding speed were gradually increased from zero, instability
would therefore first occur at the speed corresponding to the

612 / Vol. 115, OCTOBER 1993

Fig. 3 Circumferentially buckled configuration for the disk

minimum in the antisymmetric curve in Fig. 2. This region of
the curve is shown on an expanded scale in Fig. 4, which also
shows the corresponding curve for the semimetallic friction
material, D. In both cases, the minimum occurs at about 4
= 0.2, indicating that the initial instability will have a wave-
length of / = 30a, from Eq. (78). Notice that / is also the
anticipated spacing between hot spots on one side of the disk
in the unstable configuration.

However, real brake systems have finite dimensions and
these place restrictions on the permissible wavelength of per-
turbations. In particular, a brake pad of finite length must
make contact at any given time with a sufficient number of
hot spots to maintain kinematic support. Of course, the finite
length of the pad strictly invalidates the present analysis, but
we might reasonably suppose that the predicted unstable state
will be a good approximation to the actual system if the pad
is long enough to contain at least one full sinusoid of the
perturbation®. This in turn restricts A in Fig. 4 to the range

2
—H<A<oo

Ip

where /p is the pad length.
For typical dimensions used in automotive practice, this
restriction is likely to an active constraint on 4 and hence on

(79

*More precisely, a full perturbation analysis for the pad of finite length would
generate a set of eigenvalues (critical speeds) and corresponding eigenfunctions
(pressure perturbations) of approximately sinusoidal shape. Since the pressure
perturbation must be self-equilibrating, the first appropriate sinusoidal form
involves one complete wavelength.
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Fig.4 The effect of wavelength on the critical speed near the minimum
point

the critical speed. For example, if the disk thickness is 10 mm
(i.e., the half-thickness ¢ = 5 mm), the preferred wavelength
is about 150 mm and the corresponding dimensionless critical
speed is 1759 for friction material C and 4010 for material D.
These values are equivalent to sliding speeds of 4.6 m/s for
material C and 10.4 m/s for material D, in dimensional terms.
However, if the actual pad length is only 100 mm, such a long
wavelength perturbation cannot be supported. If we assume
that the longest permissible wavelength is equal to the pad
length—i.e., / = 100 mm and 4 = 0.314—only the region to
the right of the vertical line in Fig. 4 describes physically pos-
sible perturbations. The dimensionless critical speed then cor-
responds to the points C, D in Fig. 4, being increased to 2350
for material C and 5750 for material D. The corresponding
dimensional values are 6.1 m/s and 14.9 m/s respectively.
Thus, the finite length of the pad can have a significant effect
on the predicted critical speed.® This effect has also been ob-
served experimentally (Anderson and Knapp, 1989).

If we assume a realistic ratio of 3 between the radius of the
frictional contact on the disk and the effective rolling radius
of the tire, we find that these sliding speeds correspond to road
speeds of 66 km/hr and 161 km/hr, respectively. It is instruc-
tive to compare these results with the prediction of critical
speed based on the two half-plane model of sliding. In this
model, the most unstable perturbation always corresponds to
the largest permissible wavelength. Using the same assumptions
as above, the two half-plane model predicts critical road speed
of 1555 km/hr with friction material C and 34668 km/hr with
material D indicating that the automotive disk brake system
should be always stable under highway conditions. However,
experimental investigations (Kreitlow et al., 1985; Abendroth,
1985; Anderson and Knapp, 1989) show that hot spots are
developed at practical operating speeds. The finite disk thick-
ness is clearly an important factor in this discrepancy.

5.2 The Effect of Friction Material Properties. The com-
position and composite structure of most friction materials
offers scope for material ‘“design.”’ In other words, modifi-
cations might be made in the constituents or the manufacturing
method to produce a material whose properties are in some
sense optimal. Traditionally, this flexibility is used to achieve

3A related restriction on permissible wavelengths is imposed on the disk by
the requirement that an integral number of complete waves must be accom-
modated in the circumference. However, in the systems investigated here, the
effects of this restriction are insignificant,
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Fig. 5 The effect of elastic modulus on the minimum critical speed

desirable frictional characteristics such as moderate fade be-
havior with increasing temperature. However, the possibility
also exists to modify the thermal and/or elastic properties with
a view to reducing the tendency for thermoelastic instability.
We therefore consider the effect of these properties on the
critical sliding speed.

We assume throughout this section that the disk is of cast
iron, with properties as given in Table 1, and that the pad
length is sufficiently long to support perturbations of the pre-
ferred wavelength, so that the critical speed will be defined by
the minimum point in curves such as Fig. 2.

Elastic Modulus. 1f the friction material has a low elastic
modulus, we might expect the applied contact load to be ap-
proximately uniformly distributed across the pad, discouraging
the formation of hot spots. This argument, which is also sup-
ported by experimental observations (Anderson and Knapp,
1989), motivated the development of low modulus friction
materials even before the connection between hot spots and
thermoelastic deformation was discovered. Notice, however,
that a compliant friction material will generally require a greater
brake pedal movement to achieve a given braking torque. Typ-
ical friction materials have elastic moduli in the range E =
0.5 GPa to 10 GPa (Harding and Wintle, 1978).

The minimum dimensionless critical speed is shown in Fig.
5 as a function of the reciprocal of the elastic modulus. Results
are shown for materials in which the remaining thermal and
mechanical properties are those of materials C and D of Table
1. In each case, the critical speed is approximately linear with
1/E, though the curves do not pass through the origin, instead
converging on small but finite values as 1/E — 0 of 26 for
material C and 35 for material D. '

Coefficient of Thermal Expansion. Theoretical investi-
gations of thermoelastic instability always show that the ve-
locity of a sinusoidal perturbation is closer to that of the more
conducting material than to that of the less good conductor.
In automotive applications, the disk generally has a conduc-
tivity at least one order of magnitude higher than the pad and
hence the disturbance moves slowly over the disk and rapidly
over the pad. The effective Peclet number ¢,/k;m for the pad
is therefore high, indicating that there will be relatively little
thermal penetration of zero average thermal disturbances into
the depth. It follows that the thermal distortion of the pad
due to the perturbation will be small and hence that the ex-
pansion coefficient of the friction material should have little
effect on the critical speed.
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This conclusion is supported by the present results, which
show that the minimum critical speed varies by less than 1
percent as the ratio of thermal expansion coefficients, «*, is
varied by a factor of 10 in either direction.?

Thermal Conductivity. Similar arguments lead us to expect
that increasing the conductivity of the pad material will increase
the critical sliding speed. This prediction is confirmed by the
results shown in Fig. 6, where the minimum Va/k, is shown
as a function of the conductivity ratio K*, all other material
properties being held constant. Experimental observations
(Anderson and Knapp, 1989) also confirm this prediction, but
we note that an undesirable practical consequence of increasing
the pad conductivity is that more of the frictional heat will be
directed into the pad. Convective cooling of the pad is less
effective than that of the disk and the consequent rise in mean

“Notice, however, that the argument depends on the disturbance having a
velocity close to that of the disk. There is experimental evidence of hot spots
stationary with respect to the pad in automotive systems, which might be as-
sociated with structural warping of the pad or with pressure perturbations varying
in the radial rather than the circumferential direction. In this case, we should
anticipate a significant dependence of critical speed on the thermal expansion
coefficient of the pad material. This question is still under investigation.
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pad temperature may cause problems such as temperature-
induced brake fade or vaporization of the brake fhuid.

7 Conclusions

Dow and Burton’s analysis of frictionally excited thermo-
elastic instability has been extended to the case of a layer of
finite thickness sliding between two half-planes, in order to
evaluate the influence of finite disk thickness on the stability
behavior of an automotive disk brake. The results show that
with the layer geometry there is a preferred wavelength for
instability, in contrast to the sliding of two half-spaces, where
critical speed decreases monotonically with wavelength. The
onset of instability is always characterized by an antisymmetric
perturbation, corresponding to a ‘‘circumferentially buckled”’
deformation mode and leading to hot spots at alternating lo-
cations on the two sides of the disk. Using material properties
and dimensions appropriate to current automotive practice,
the layer model predicts critical speeds of the order of those
observed in experiments, in contrast to the two half-space
model that overestimates critical speeds by an order of mag-
nitude,
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